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ABSTRACT — The deployment dynamics of a solar sail consisting of four flexible booms and four
membrane quadrants are studied. First, previous work on modelling a portion of the system (only one
membrane quadrant attached to two axially-moving booms) using time-varying quasi-modal expansion
is extended to be applicable to the complete system. This is achieved via “lifting” the quadrant-level
matrices into system-level forms by partitioning them (based on the generalized coordinates of each
of the two booms or the membrane in-between, to which each block should correspond) and placing
each block into a large matrix using an appropriate mapping table (with the remaining blocks left as
zero matrices). Once all matrices are converted to system-level forms, the equations of motion from
previous work readily apply to the complete system (now involving all of the booms’ and membranes’
generalized coordinates). Modal analysis is performed on a constant-length sail to validate the basic
foundations of the model by comparing the results to the finite elements-based ones from literature.
Deployment simulation results are presented, and numerical parameter studies are performed using
the eigenvalues of the system (recast into first-order form).

1 Introduction

Translating continua of constant or time-varying length find applications in many areas of engineering, such as
magnetic tapes, elevator cables, robotic arms, paper industry, and spacecraft antennae. Surveys of some of the
early works in such areas were presented in [1, 2], and more recent efforts were reviewed in [3]. In the context of
spacecraft, deployment was examined in [4, 5, 6, 7], among others. More generally, studies on axially-translating
strings, considered to be among the simplest of translating continua that lead to second-order equations, can be
traced back to [8, 9, 10]. Transverse vibration of axially-translating beams, described by fourth-order systems, was
studied in [11, 12, 13, 14, 15, 16], among others, in which a “quasi-modal expansion” using the eigenfunctions
of a cantilevered beam was used to express the transverse deflections (similarly to [17, 18, 19] for spacecraft
applications). In addition, out-of-plane dynamics of translating membranes were examined in [20, 21, 22], where
one-dimensional motion between two supports of fixed distance was considered, in contrast to the two-dimensional
and variable-length problem of interest in this work that also features coupling between beams and membranes.

Focusing on the dynamics of coupled multibody systems, most relevant past works include [23, 24] (assuming
constant boom length) and [25] (accounting for temporal variations). These references also make use of the afore-
mentioned quasi-modal approach, but to ensure compatibility of displacements at the points of attachments of their
models’ booms and solar panels (treated as beams and membranes), they express the deflections of the latter in
terms of those of the former. Making use of a similar formulation, out-of-plane deflections of a solar sail quadrant
(consisting of two axially-translating booms with a membrane in-between) was examined in [26], in which upon
deriving the equations of motion, analytic expressions for the rate of change of vibration energy (resembling those
in [27, 15] for deploying beams) were also obtained.

Heavily numerical approaches (using Multi-Particle Model and Absolute Nodal Coordinate Formulation, for
example) for studying the deployment dynamics of solar sails, namely IKAROS, were used in several recent
resources, such as in [28], replacing each finite element with masses, springs, and dampers; and in [29, 30], using a
global coordinate system to arrive at a constant mass matrix. Abandoning simple analytical models, [31] developed
a numerical method in a geometrically nonlinear Finite Element Method (FEM) framework, and proposed elements



with variable length, mass, and moment of inertia for a more realistic simulation of deployment of IKAROS.
Examples of earlier works on translating beams and membranes that also made use of FEM include [32, 33] and
[20, 21], respectively.

A natural and important question that arises in the context of deployable structures is that of stability. Translat-
ing continua of varying length could be classified as non-conservative gyroscopic systems [32]. For such systems,
static methods such as those seeking the appearance of non-trivial equilibria may yield results that are inconsistent
with the more reliable ones furnished by the kinetic (vibration) methods [34]. In the past, stability of translating
materials has been studied by examining the transverse displacements’ boundedness, such as in [35, 33, 36, 3], as
well as from an energy viewpoint, such as in [10, 37, 27, 3]. In [26], it was shown that the transverse vibration
energy of the hybrid beam-membrane system of a solar sail monotonically decreases and increases during deploy-
ment and retraction, respectively. Similarly to the observations reported in [27, 15], however, this conclusion,
elegant as it is, does not guarantee boundedness of displacements during extension (which, in fact, behaves unlike
vibration energy and increases).

A primary contribution of this manuscript is to build upon [26] and numerically investigate the possibility of
divergence and flutter using a kinetic approach, and study the effects of pretension and deployment rate on the
onset of such phenomena. Whereas the formulation of that work primarily focused on a single sail quadrant (a
triangular membrane attached to deploying booms), the present document provides more details on a complete
and more realistic model of a solar sail, namely one with four axially-translating beams, with four thin membrane
quadrants attached in-between. New stability results pertinent to the complete sail’s behaviour are also presented.
Upon validating the constant-length results against those in [38] via modal analysis (as deployment results are
not available for this model), dynamic simulations are performed using a plausible extension/retraction profile. In
contrast to the energy-based approach of [26] that yielded simple analytic expressions for assessing boundedness
of vibration energy (a measure of dynamic stability in the sense of energy suppression), the present work adopts
the kinetic vibration approach that yields a quadratic eigenvalue problem. Numerical eigenvalue studies are then
performed, and the results seem to suggest the existence of instability regions in terms of amplitude growth (an
aspect that was not accounted for by the energy approach of [26]), for certain combinations of extension rate and
sail tension.

The organization of this manuscript is as follows: Section 2 describes the model of interest and some simplify-
ing assumptions made to make the problem tractable. The discretization approach of and the resulting descretized
equations of motion (for a quadrant) in [26] are reviewed in Section 3 (and Appendix A), and more details are
provided on extending these derivations to a complete sail and a reformulation of the problem to enable numerical
stability analyses. Simulation results related to static (for validation) and dynamics sails are presented in Section 4,
along with those on the sail’s deployment stability.

2 Model Description and Assumptions

A square solar sail model as shown in Fig. 1 is considered. Only out-of-plane deflections of the sail quadrants
and their support booms are considered in the present manuscript, and accounting for the in-plane deflections (and
the possibility of wrinkling) are left as part of future work. Uniform thin membranes (with no bending stiffness)
and Euler-Bernoulli beams (with no axial extensibility) are used to model the sail and the booms, respectively.
Consistent with [26], a sliding-type deployment is assumed, with the free edge remaining straight and at 45◦ to
the booms at all times. This assumption is admittedly unrealistic, especially considering the many folds to which
packaged sails are subjected, but it is a key assumption to render the problem tractable, and is believed to capture
the main behaviour of the system (upon which future higher fidelity studies can build). The resulting velocity
distribution is [26]:

vx =
L̇
2

(
1+

xab− yab

xab + yab

)
, vy =

L̇
2

(
1− xab− yab

xab + yab

)
(1)

where L̇ is the constant deployment rate of the booms, vx and vy are the components of the mass elements’ in-plane
deployment velocity, in the reference frame attached to Quadrant Qab.
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Fig. 1: Model of Deploying Solar Sail: Booms (a), (b), (c), and (d); and Membrane Quadrants (ab), (bc), (cd), (da) with Straight Free Edges

The membrane quadrants are taken to be under linearly increasing (towards the boom tips) forces per unit
length, namely normal Nxx and Nyy and shear Nxy, provided by the booms. This results in compressive axial loads,
P, on the latter. The corresponding expressions related to Membrane (ab) and Boom (a), for example, are [26]:

Nxx = Nyy =−Nxy =
σ̄h
L0

(
xab + yab

)
, Pa =−

σ̄A
L0

xab (2)

where σ̄ is the maximum prestress at the tips, h is the uniform membrane thickness, and A and L(t) are the booms’
uniform cross-sectional area and time-varying length, respectively, with L0 = L(0).

3 Discretized Equations of Motion

The quasi-modal approach with time-varying basis functions used by [5, 25, 13, 19, 15] is adopted. The out-of-
plane deflections of the booms and the membrane (superimposed over the booms’ deflections as was done in [24],
for constant length, and in [25], for deployment) are expanded, using nB and nM modes, respectively, as [26]:

ua(xab, t) = p
ᵀ
a (t)Ψa(xab, t) , ub(yab, t) = p

ᵀ
b (t)Ψb(yab, t) (3a)

wab(xab,yab, t) = ua(xab, t)+ub(yab, t)+q
ᵀ
ab(t)Φab(xab,yab, t) (3b)

where pa ∈ RnB , pb ∈ RnB , and qab ∈ RnM are the generalized coordinates of Boom (a), Boom (b) and Mem-
brane (ab), respectively. The time-varying components of Ψa, Ψb, and Φab, which are the eigenfunctions of a
cantilevered beam and an all-edges clamped membrane, depend on x/L(t) and/or y/L(t).

3.1 Quadrant-Level Equations of Motion

Using the expansions in Eq. (3) and the standard Lagrangian mechanics-based formulation involving the system’s
energy expressions, the following discretized equations of motion (with the required matrices in Appendix A) for
a single sail quadrant consisting of Membrane (ab) attached to Booms (a) and (b) were obtained in [26]:[

M̃M +M̃B

]
¨̃q+
[( ˙̃MM + ˙̃MB

)
+
(
G̃M− G̃

ᵀ
M
)
+
(
G̃B− G̃

ᵀ
B
)]

˙̃q+
[( ˙̃GM + ˙̃GB

)
+
(
∆K̃M +∆K̃B

)]
q̃ = 0 (4)

where q̃, [p
ᵀ
a p

ᵀ
b q

ᵀ
ab ]

ᵀ
contains all of the Qab quadrant’s generalized coordinates, and ∆K̃M ,KM,U−KM,T and

∆K̃B , KB,U−KB,T. The quadrant-level matrices denoted by a tilde are of dimensions ñ× ñ with ñ = 2nB +nM,
and are constructed via spatial integration of some functions of Ψ and Φ, as provided in Appendix A. Note that the
boom-related matrices (with the subscript ‘B’) have zero partitions corresponding to the membrane’s generalized
coordinates: for example, M̃B , blockdiag{MB,MB,0nM×nM}, where the inner blocks (without a tilde, for they
relate to the booms only) are the ones presented in Appendix A.
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3.2 System-Level Equations of Motion

Recognizing a need for completeness in modelling and simulation, the present work first provides more details on
how the formulation of Subsection 3.1 can be extended to apply to a complete four-quadrant sail. The methodology
to be presented can also be modified accordingly for different geometries with other numbers of booms and mem-
branes. To achieve this extension, the quadrant-level matrices are “lifted” into system-level forms that correspond
to the system-level collection of all generalized coordinates, q̄, [ p

ᵀ
a p

ᵀ
b p

ᵀ
c p

ᵀ
d q

ᵀ
ab q

ᵀ
bc q

ᵀ
cd q

ᵀ
da ]

ᵀ
.

First, each of the quadrant-level matrices are partitioned into nine submatrices (for example M̃M,ab,i j with
i, j ∈ {1,2,3}) that correspond to pa, pb, and qab, as follows:

M̃M,ab =


nB

M̃M,ab,11

nB

M̃M,ab,12

nM

M̃M,ab,13

M̃M,ab,21 M̃M,ab,22 M̃M,ab,23

M̃M,ab,31 M̃M,ab,32 M̃M,ab,33


nB

nB

nM

(5)

The system-level mass matrix corresponding to the Qab quadrant’s membrane, denoted by M̄M,ab and of dimensions
n̄× n̄ with n̄ = 4nB +4nM, can be partitioned into 64 blocks, namely M̄M,ab,pq with p,q ∈ {1, · · · ,8}. Of these 64
blocks, nine are replaced by M̃M,ab,i j in Eq. (5), and the rest are all zero matrices of appropriate dimensions.
Summarized in Tab. 1 is the mapping between the indices of the quadrant-level matrices and those of the system-
level matrices. For example, the M̃M,ab,23 block of the quadrant-level M̃M,ab replaces the M̄M,ab,25 block of the
system-level M̄M,ab, because the generalized coordinates of Boom (b) and Quadrant (ab), the second and third
blocks of q̃ which correspond to the (2,3) block of the relevant quadrant-level matrices, are now located in second
and fifth blocks of the complete coordinates gathered in q̄.

Lastly, after all of the matrices in Eq. (4) for all four quadrants are lifted into their system-level form using
the above procedure and the mapping in Tab. 1, the overall system matrices are computed by simple addition. For
example, the membranes’ total mass matrix is given by M̄M = M̄M,ab + M̄M,bc + M̄M,cd + M̄M,da, while that of
the booms is M̄B = M̄B,ab + M̄B,bc + M̄B,cd + M̄B,da, and so on for all matrices. The resulting system matrices,
replacing their quadrant-level counterparts in Eq. (4), along with the system-level coordinates in q̄ and theirs time
derivatives, describe the complete system’s motion:[

M̄M +M̄B

]
︸ ︷︷ ︸

M̄eq

¨̄q+
[( ˙̄MM + ˙̄MB

)
+
(
ḠM− Ḡ

ᵀ
M
)
+
(
ḠB− Ḡ

ᵀ
B
)]

︸ ︷︷ ︸
Ḡeq

˙̄q+
[( ˙̄GM + ˙̄GB

)
+
(
∆K̄M +∆K̄B

)]
︸ ︷︷ ︸

K̄eq

q̄= 0 (6)

where ∆K̄M , K̄M,U− K̄M,T and ∆K̄B , K̄B,U− K̄B,T. For simplicity, new system-level matrices M̄eq, Ḡeq, and
K̄eq are defined to denote the “equivalent” mass, gyricity/damping, and stiffness matrices. However, the reader
is cautioned that they do not, in general, possess the same symmetry and definiteness properties that are typically
associated with these terms in mechanical systems. For example, the “equivalent stiffness” matrix is not necessarily
positive-definite.

3.3 Quadratic Eigenvalue Problem

The kinetic vibration approach (so-termed in [34]) to stability is adopted in this work. Upon assuming solutions of
exponential form (as functions of time), the system in Eq. (6) leads to the following quadratic eigenvalue problem:

M̄eq ¨̄q+ Ḡeq ˙̄q+ K̄eqq̄= 0 ⇒ det
(

λ
2M̄eq +λ Ḡeq + K̄eq

)
= 0 (7)

Quadrant Qab Qbc Qcd Qda

Quadrant-Level (i, j) 1 2 3 1 2 3 1 2 3 1 2 3
System-Level (p,q) 1 2 5 2 3 6 3 4 7 4 1 8

Tab. 1: Mapping between Block Indices of the Partitioned Quadrant-Level and System-Level Matrices
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which leads to 2n̄ = 8nB+8nM eigenvalues. Problems of this type were considered in detail in [39], and algorithms
(claimed to be superior for certain problems) are available, for example in [40], that attempt to solve them by
avoiding a reformulation into first-order form. However, to allow for a comparison against the results of [33]
(for a single deploying beam), and consistent with [20, 22] (focusing on translating membranes), the second-order
system of Eq. (6) is first recast into a first-order form, leading to the following generalized eigenvalue problem:[

M̄eq 0
0 M̄eq

]
︸ ︷︷ ︸

Ā

[
¨̄q
˙̄q

]
︸︷︷︸

˙̄x

+

[
Ḡeq K̄eq
−M̄eq 0

]
︸ ︷︷ ︸

B̄

[
˙̄q
q̄

]
︸︷︷︸
x̄

= 0 ⇒ det
(

λ Ā+ B̄
)
= 0 (8)

where each pair of eigenvalues are associated with a different vibration mode. The resulting eigenvalues were
confirmed to match closely with those obtained using the algorithm provided by [40]. For simplicity of implemen-
tation, however, and to allow for the consistent determination and sorting of the eigenvalues (via the eigenshuffle()
function available for MATLAB), further manipulation into the following standard eigenvalue problem was per-
formed:

˙̄x=

[
−M̄−1

eq Ḡeq −M̄−1
eq K̄eq

1 0

]
︸ ︷︷ ︸

C̄

x̄ ⇒ det
(

λ1− C̄
)
= 0 (9)

where invertibility of the equivalent mass matrix is assumed.
Lastly, it is worth emphasizing that, despite having formulated an eigenvalue problem for the system of interest,

the matrices associated with a given deployment scenario are time-varying and they do not, in general, offer clear
implications about stability. In other words, the eigenvalues are not “natural frequencies” of the system owing to
its time-varying nature. In terms of past works on stability analysis, the parameter variations in [33], for example,
were interpreted in two ways [41]: keeping the boom length fixed and varying the rate (treating each simulation
case as an independent deployment scenario), and vice versa (changing length over time during a given deployment
scenario). It is the former interpretation that is adopted here (and was also used in [42] to study the stability of
deploying plates of varying length) for it is more meaningful, but the resulting critical values would be the same
with both viewpoints [41]. In addition to varying the deployment rate, the results in Section 4.3 also shed some
light on the effects of different values of membrane pretension and mass density.

4 Results and Discussion

Numerical simulations are performed using some of the solar sail parameters considered in [43], unless otherwise
stated, including ρ = 2.32× 10−2 kg/m, EI = 4.62× 103 N ·m2, and A = 3.22× 10−5 m2 for all of the booms;
and µ = 1.39×10−2 kg/m2 (or µ = 1.39×10−1 kg/m2 for heavier membranes) and h = 1×10−5 m for all of the
membrane quadrants. The constant-length and deploying sail simulations of Subsections 4.1 and 4.2 are based on
Eq. (6) (and the modal properties associated with the equivalent system matrices involved in it), while the stability
results in Subsection 4.3 are obtained using Eq. (9). All dynamic simulations make use of the Newmark-Beta
algorithm of [44] with β = 1/2 and a step-size of ∆t = 0.0001 s. The numbers of modes used for each boom and
membrane quadrant in the expansions described in Section 3 are set to nB = 4 and nM = 16, respectively.

4.1 Validation

Before studying deployment, validation of the basics of the modelling and simulation using past literature is in
order. To this end, the mode shapes and frequencies of the entire sail, after full deployment into a 100 m×100 m
square shape with a pretension profile given by σ̄ = 100 kPa, are compared against those obtained in [38] using the
different FEM-based formulation. The first 6 modal frequencies (obtained upon neglecting axial tension imposed
on the booms in Eq. (2), consistent with [38], and using the same parameters, in turn based on those in [43]) are
listed in Tab. 2. They show less than 3% discrepancy compared with those reported in [38], and the associated mode

5



Fig. 2: First 6 Modes of Solar Sail with Boom Length L = 50
√

2 m (for Comparison against Figure 6 in [38])

shapes presented in Fig. 2 resemble those in [38]. As expected, the complete sail has additional symmetric/anti-
symmetric modes that would not appear in the single sail quadrant that was the primary focus of [26].

4.2 Dynamic Simulation

First, a symmetric deployment case is considered as a sanity check. The initial conditions (ICs) of two opposite
booms, namely Booms (a) and (c), assumed to be initially perturbed by equal amounts, are set to pa(0) = pc(0) =
[1 0 0 0]

ᵀ
/L(0) and ṗa(0) = ṗc(0) = 04×1, while those of Booms (b) and (d) and the membrane quadrants (whose

deflections relative to the booms are represented by q(0)) are set to zero (with zero rates). A smaller tension
(compared to Subsection 4.1) of σ̄ = 2 kPa is used, now with the booms’ compression in Eq. (2) also modelled,
and their length varied using a realistic profile that features initial acceleration and final deceleration: L(t) =
10+2.5

[
1−cos(πt/tf)

]
m, where tf = 15 s specifies how long extension from 10 m to 15 m of the sail is expected

to last. Snapshots of the motion sequence are provided in Fig. (3) and they confirm that symmetry is maintained
throughout deployment.

To focus on how deflections propagate from a single corner on the sail to other areas, the results shown in
Figs. 4a and 4b have only their Boom (a) initially deflected by pa(0) = [1 0 0 0]

ᵀ
/L(0) and ṗa(0) = ṗc(0) = 04×1,

and the rest of the initial conditions are set to zero. Both sets of results use the same sail tension as that in Fig. 3,
namely σ̄ = 2 kPa, and they differ from each other in terms of their membrane mass: the sail in Fig. 4a has the
same membrane mass density as previous simulations, namely µ = 1.39× 10−2 kg/m2, but that in Fig. 4b uses
an order of magnitude heavier sail membrane with µ = 1.39×10−1 kg/m2. All the other parameters are kept the
same as those in the previous simulations, and the extension profile used for Fig. (3) is utilized. The aim is to
assess the relative effect of membrane quadrants on the booms, and to help facilitate this, provided in Fig. 4c are
the tip deflections of Boom (c), the furthest corner from the point of initial displacement. The results suggest the
presence of a heavier membrane entails more pronounced propagation of deflections throughout the sail.

Modal Frequency ω1 ω2 ω3 ω4 ω5 ω6

Using FEM [38] (rad/s) 0.05180 0.20848 0.20848 0.30520 0.36781 0.36781
Present Method (rad/s) 0.05328 0.20954 0.20954 0.31002 0.37091 0.37091

Tab. 2: Comparison of the First 6 Modal Frequencies (for Fully-Deployed Sail) Obtained Using the Present Approach vs. FEM in [38]
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Fig. 3: Snapshots of Simulated Sail Deployment Process with Symmetric ICs (from L(0) = 10 m to L(tf) = 15 m in 15 s)

4.3 Stability Analysis

The effects of each parameter of interest, namely deployment rate and pretension, are studied as described in Sub-
section 3.3, upon fixing the boom length and performing a “frozen” eigenvalue analysis. Given that an eigenvalue
with a positive real part implies instability, the resulting eigenvalues are sorted in descending order based on their
real parts. Shown in Fig. 5 are the changes in the real and imaginary parts of the first 3 distinct eigenvalues as the
tip tension, σ̄ , is varied, while the deployment rate is assumed to be a constant value. Each of the three parts (a),
(b), and (c) of Fig. 5 corresponds to a different value of extension rate, L̇, namely 0.3, 0.5, and 0.7 m/s, respec-
tively. Owing to the fact that a frozen study is being conducted using specific values of boom length, the results are
produced using different values of L, namely 40, 60, 80, and 100 m (shown using solid, dashed, dash-dotted, and
dotted lines, respectively). Similar results are presented in Fig. 6, but using a sail that features a heavier membrane,
namely one with µ an order of magnitude larger than that in 5. The extension rates used in the former, namely 0.1,
0.15, and 0.2 m/s, are intentionally selected to be smaller than those in the latter, to produce similar eigenvalue
patterns.

The results show interesting effects caused by changes in the sail’s pretension, deployment rate, and relative
boom/membrane mass. In part (b) of both figures, the first mode experiences a vanishing of oscillation frequency.
A similar effect is observed in [35], [36] and [22], where a critical value of travel rate is obtained at which the
frequency becomes zero; however, unlike those works that involved fixed-length travelling continua and similar
to [33] and [15] that examined extending continua of varying length, the vanishing of the imaginary component
in Figs. 5 and 6 does not imply flutter instability, since the corresponding real parts are still negative. Within the
confines of the range of σ̄ considered in this section, namely 100 to 500 Pa, further increase in extension rate (as is
done in parts (c) of both figures) is required to introduce the possibility of the system’s divergence instability, which
occurs when the maximum tension drops below σ̄ ≈ 191 Pa and σ̄ ≈ 157 Pa for L̇ = 0.7 m/s and L̇ = 0.2 m/s
with the light- and heavy-membrane sails, respectively. Mathematically, divergence is caused when the equivalent
stiffness matrix in 6 loses its positive-definiteness.

Two more observations with regards to Figs. 5 and 6 are in order: first, not all vibration modes experience
divergence instability at the same time, and second, a heavier membrane seems to increase the system’s potential
to suffer instability (since similar eigenvalue evolutions are obtained in the two figures, whereas the extension rates
of the heavier membrane in Fig. 6 are smaller). The former observation is consistent with what was pointed out in
past works on axially-translating continua, such as in [2] where fourth-order beam-like systems’ dispersive nature
is recognized to be responsible for different critical speeds for each vibration mode.
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Fig. 4: Simulated Sail Deployment Process with Asymmetric ICs (from L(0) = 10 m to L(tf) = 15 m in 15 s): (a) Light Membrane with
µ = 1.39×10−2 kg/m2, (b) Heavy Membrane with µ = 1.39×10−1 kg/m2, and (c) Comparison of Boom (c) Tip Deflection Histories in Both Sails
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Fig. 5: Light Membrane (µ = 1.39×10−2 kg/m2) - Real and Imaginary Parts of Pairs (Blue and Black) of Eigenvalues Corresponding to First 3 Modes vs.
Pretension Magnitude, Using Various Lengths (Different Line Patterns) and Various Extension Rates: (a) L̇ = 0.3 m/s, (b) L̇ = 0.5 m/s, and (c) L̇ = 0.7 m/s
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Fig. 6: Heavy Membrane (µ = 1.39×10−1 kg/m2) - Real and Imaginary Parts of Pairs (Blue and Black) of Eigenvalues Corresponding to First 3 Modes
vs. Pretension Magnitude, Using Various Lengths (Different Line Patterns) and Various Extension Rates: (a) L̇ = 0.1 m/s, (b) L̇ = 0.15 m/s,(c) L̇ = 0.2 m/s
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5 Conclusions

Inspired by and building upon an extensive body of literature on the dynamics of translating continua, this manuscript
describes a methodology for and presents dynamics and stability simulation results related to the deployment of a
hybrid system of moving continua, namely a multibody system of flexible beams (mathematically second-order)
and thin membranes (fourth-order). The presented formulation extends that of [26] (that primarily focused on a
single quadrant consisting of two booms and a membrane), and the stability analysis complements the results of
that work and sheds more light on the vibrations characteristics of solar sails during their deployment.

Assuming the discretized equations of motion for a single quadrant are known (and upon providing the expres-
sions for the associated matrices), this document details a “lifting” procedure on the matrices to enable their use in
the extended system-level equations of motion. The resulting system of second-order differential equations is then
recast into first-order form, and the kinetic (vibration) approach to stability is adopted by conducting an eigenvalue
analysis on the resulting system. Numerical integration of the equations of motion and computation of the system’s
“frozen” (at a given length) eigenvalues are performed. The modelling and simulation results are validated by com-
parison against constant-length modal analysis via FEM from past literature, and using a symmetric deployment
scenario as a sanity check. The stability analysis results show possibility of divergence if the membrane pretension
is below a threshold (which increases as the extension rate increases). Repeating the simulations using a heavier
membrane suggests increased wave propagation and diminished stability properties (considering the same tension
ranges as those of the lighter sail) in terms of tolerance for increased extension rates.
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Appendix A

To significantly improve computational efficiency, the problem was transformed in [26] from that of spatially-fixed
points within time-varying boundaries, namely x and y that satisfy 0 < x < L(t) and 0 < y < L(t), to that of moving
points within fixed boundaries, namely x̂ , x/L(t) and ŷ , y/L(t) that satisfy 0 < x̂(t)< 1 and 0 < ŷ(t)< 1 (as was
done in [45, 18, 46], among others). With this transformation, the following boom-related matrices were obtained
in [26]:

MB = ρL
1∫

0+

ΨaΨ
ᵀ
a dx̂ (10a)

GB = ρL̇
1∫

0+

(
1− x̂

)
ΨaΨ

ᵀ
a,x̂ dx̂ (10b)

KB,T = ρ
L̇2

L

1∫
0+

(
1− x̂

)2
Ψa,x̂Ψ

ᵀ
a,x̂ dx̂ (10c)

KB,U =− σ̄A
L0

1∫
0+

x̂Ψa,x̂Ψ
ᵀ
a,x̂ dx̂+

EI
L3

1∫
0+

Ψa,x̂x̂Ψ
ᵀ
a,x̂x̂ dx̂ (10d)

where ρ and EI are the booms’ mass density per unit length and bending stiffness, respectively. The commas in the
subscripts denote differentiation with respect to the variables that follow them. The column matrix Ψa(x̂) stores
the beam eigenfunctions in terms of x̂, and Ψa,x̂(x̂) = Ψa,x/L and Ψa,x̂x̂(x̂) = Ψa,xx/L2 are its spatial derivatives
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with respect to x̂. Since all of the integrals of Eq. (10) are only x̂-dependent, numerical integration (in the absence
of analytic expressions) is required only once, and not at each time-step. As another welcome consequence of
the coordinate transformation, the rate matrices ˙̃MB and ˙̃GB are readily obtained by applying the chain rule to
the coefficients outside the integrals. Note that the matrices in Eq. (10) are placed in quadrant-level augmented
n×n block-diagonal form (with a 0 block corresponding to qab) before their use in Eq. (4). For example, M̃B ,
blockdiag{MB,MB,0nM×nM}.

Similarly, the following membrane-related matrices were obtained in [26]

M̃M = µL2
1∫

0+

1−x̂∫
0+

ˆ̃A ˆ̃A
ᵀ

dŷ dx̂ (11a)

G̃M = µLL̇
1∫

0+

1−x̂∫
0+

ˆ̃A ˆ̃B
ᵀ

dŷ dx̂ (11b)

K̃M,T = µL̇2
1∫

0+

1−x̂∫
0+

ˆ̃B ˆ̃B
ᵀ

dŷ dx̂ (11c)

K̃M,U =
σ̄hL
L0

1∫
0+

1−x̂∫
0+

(
x̂+ ŷ

)( ˆ̃C ˆ̃C
ᵀ
+ ˆ̃D ˆ̃D

ᵀ−
( ˆ̃C ˆ̃D

ᵀ
+ ˆ̃D ˆ̃C

ᵀ))
dŷ dx̂ (11d)

where µ is the membrane’s mass density per unit area, and the following intermediate matrices are used:

ˆ̃A ,

Ψa
Ψb
Φ

 , ˆ̃C ,

Ψa,x̂
0

Φ,x̂

 , ˆ̃D ,

 0
Ψb,ŷ
Φ,ŷ

 , ˆ̃B ,
(
v̂x̂− x̂

) ˆ̃C+
(
v̂ŷ− ŷ

) ˆ̃D

where ˆ̃C and ˆ̃D contain derivatives of the eigenfunctions with respect to x̂ and ŷ, necessitating the use of 1/L
or 1/L2 factors for first and second derivatives. In addition, v̂x̂ = vx/L̇ and v̂ŷ = vy/L̇ (based on the velocity
distribution in 1). The same comments as those made about the boom matrices regarding computational efficiency
hold.
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