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The multibody based real-time simulation approaches allow description of complex products, such as mobile
machinery, with a high level of detail for multiple purposes. A dynamic system rarely consists of mechanical com-
ponents alone, since the mechanical components are often accompanied by hydraulically driven actuator systems.
As the hydraulic actuator system has its own dynamic behavior which significantly affects the full system behavior,
multibody equations alone are not sufficient to describe the dynamics of the full system. For a more appropriate
and robust approach, accurate and effective descriptions must be formed for all dynamic subsystems.

Efficient formulations for both multibody and hydraulic dynamics alone can be found from the literature. A
potential candidate for real-time multibody simulation is the semi-recursive method that utilises a penalization
scheme [1], similar to the augmented Lagrangian [2]. This approach is shown to be computationally efficient and
can lead to robust analysis as it can handle singular configurations and numerical stiffness. To enforce constraints
in velocity and acceleration levels the method uses mass-orthogonal projections [3], and a trapezoidal rule for
integration. Hydraulic dynamics, in turn, can be described with the lumped fluid method [4] that splits the system
into separate volumes that are assumed to have internally constant pressures.

Assuming the equations for both dynamic subsystems are available in the same simulation environment, as
seen in certain simulator solutions [5], the monolithic, also known as unified approach is a potential candidate for
solving the multiphysics problem at hand. This strongly coupled approach yields a single set of equations to be
integrated.

The objective of this research is to introduce a monolithic formulation that uses the semi-recursive formulation
and the lumped fluid method for combined real-time simulation of multibody and hydraulic dynamics. To improve
generality, and due to complicated forms analytical expressions of the pressure and force descriptions may take,
a numerically obtained tangent matrix is used in the Newton’s iteration during the integration process. This is in
contrast to a similar approach presented in [6] and to most research regarding the semi-recursive formulation. To
evaluate efficiency of the proposed method, a similar approach presented by Naya et al. [6] is implemented, with
the proposed modification to the tangent matrix, as an efficiency benchmark for the proposed method.

In case of the combined multibody and hydraulic dynamics, the force vector Q of the semi-recursive method
can be written as a function of the joint coordinates z, their first time derivatives ż, and pressures p. Pressure
variation equations can be written according to the lumped fluid method, and also in terms of the same variables.
Thus, the following system of equations can be used to describe the full system dynamics:

Mz̈+ΦT
z αΦ+ΦT

zλ
∗ = Q(z, ż,p)
ṗ = h(z, ż,p)

(1)

where M is the mass matrix, Φ and Φz are the constraint vector and its Jacobian, correspondingly, α is the penalty
factor, λ∗ is the vector of iterated Lagrangian multipliers, and h are the pressure variation equations.

After applying the difference equations of the trapezoidal rule to Eq. (1), dynamic equilibrium at time step
n+1 can be obtained. The well known Newton-Raphson iteration can be applied to solve the nonlinear system of



equations: [
∂ f(x)

∂x

](i)
n+1

∆x(i)n+1 =− [f(x)](i)n+1 (2)

where f(x) is the nonlinear system of equations, n is the current time step and i is the iteration number. While
the original presentation of the multibody method ([1]) and a similar monolithic approach that uses the augmented
Lagrangian [6] propose an approximate analytical expression for the tangent matrix, in this study it is formed
numerically. This is to improve generality of the method, as in certain cases analytical methods can become too
cumbersome to use in practice, and due to complicated forms of partial derivatives of force vector and pressure
derivative equations.

Efficiency of the proposed method is evaluated against the method proposed by Naya et al. [6]. Results of a
small scale case example are presented in Tab. 1, where AL refers to the monolithic scheme with the augmented
Lagrangia and SR to the proposed method. As can be seen, use of the semi-recursive method in this context yields
superior efficiency when compared to the previously presented method. The difference corresponds approximately
to the difference in problem size.

Tab. 1: Relative CPU-times of the proposed method versus method presented in [6].

∆t 0.5 ms 1 ms 2 ms 5 ms
AL/SR 4.18 3.99 3.53 3.56

Energy balance of an example case is presented in Fig. 1. Good energy conservation properties can be ob-
served, considered that the variations of approximately 1400 J in potential energy during the simulation. Thus, the
demonstrated robustness [1] of the multibody method is preserved when combined with the hydraulic dynamics.
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Fig. 1: Energy balance Eb with 8 ms step size (blue) and 4 ms step size (red).

A monolithic method, that uses the semi-recursive and lumped fluid methods, aimed for real-time simulation
of multibody and hydraulic dynamics is presented in this study. The proposed method maintains the previously
demonstrated robustness of the multibody method, and exhibits superior computational efficiency when compared
to the equivalent approach presented in the literature
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